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Abstract
We study the origin of neutrino masses and mixing angles which can acco-
modate the LMA MSW solutions of the solar neutrino anomaly as well as
the solution of the atmospheric neutrino problem, within the framework of
the see-saw mechanism. We employ the diagonal form of the Dirac neutrino
mass matrices with the physical masses as diagonal elements in the hierar-
chical order. Such choice has been motivated from the fact that the known
CKM angles for the quark sector, are relatively small. We consider both pos-
sibilities where the Dirac neutrino mass matrix is either the charged lepton
or the up-quark mass matrix within the framework of SO(10) GUT with or
without supersymmetry. The non-zero texture of the right-handed Majorana
neutrino mass matrix MR is used for the generation of the desired bimax-
imal mixings in a model independent way. Both hierarchical and inverted
hierarchical models of the left-handed Majorana neutrino mass matrices are
generated and then discussed with examples.
1Corresponding author.
E-mail address: nimai@guphys.cjb.net
1 Introduction
The latest results from the Super-Kamiokande experiments [1,2] on atmo-
spheric and solar neutrino oscillations, indicate strong evidence for the exis-
tence of the non-zero neutrino masses and mixing angles. The mass-squared
difference required by the solution of the atmospheric neutrino anomaly [2]
is found out to be ∆m2
23
= |m2
3
− m2
2
| ∼ (1.5 − 5) × 10−3eV 2 at 90% CL
and the best-fit value is centred around ∆m2
23
≈ 3 × 10−2eV 2. The lower
bound on the maximal mixing is sin22θ23 ≥ 0.88. In case of the solar neu-
trino anomaly the exact solution is still not clear. The main solutions to the
solar neutrino problem [1] are the large mixing angle (LMA) MSW, small
mixing angle(SMA) MSW, the low mass splitting (LOW) solution, and the
vacuum(VAC) solution as shown in Table-I.
Table-I: Latest analysis of the best fits on solar neutrino data [3,4].
Type ∆m2
12
(eV 2) sin22θ12
LMA 4.2× 10−5 0.8163
SMA 5.1× 10−6 0.0027
LOW 9.6× 10−8 0.93
VAC 8.0× 10−10 0.93
The Super-Kamiokande results disfavour the SMA MSW solution, VAC so-
lution, and the oscillation of νe into a sterile neutrino. Thus the preferred
solution at present seems to be the LMA MSW solution although a similar
solution with LOW solution is possible. A typical latest best-fit value for
LMA solution is found to be ∆m2
21
= |m2
2
− m2
1
| = 4.2 × 10−5eV 2[4] with
the corresponding mixing angle [5] sin22θ12 = 0.8163 but the upper limit
[5] is set at sin22θ12 ≤ 0.988. With this LMA MSW solution the splitting
parameter defined by ξ = ∆m2
12
/∆m2
23
is obtained as ξ = 1.4×10−2 [6]. The
CHOOZ experiment [7] limits sin22θ13 to the range from 0.1 to 0.3 over the
Super-Kamiokande preferred range of ∆m2
23
. We exclude the LSND result
[8] in the present analysis and confine to three neutrino species only.
The available observational values on ∆m2
12
and ∆m2
23
are not suffi-
cient to conclude whether the neutrino masses are hierarchical similar to the
known quark and charge lepton masses, or inversely hierarchical [3]. Instead,
both cases are possible. In the heirarchical model the splitting parameter
ξ = ∆m2
12
/∆m2
23
is simply ξ = m2ν2/m
2
ν3 where mν3 >> mν2 >> mν1; but
ξ = 2(mν1−mν2)/mν2 for inverted hierarchical model where mν3 << mν2 ≈
1
mν1. We employ the see-saw mechanism [9] for generating the small left-
handed Majorana neutrino masses (mLL) but such prediction has inherent
ambiguities due to the unknown structure of the heavy right-handed Majo-
rana mass matrix MR which has generally no direct relationship to those of
the Dirac quark and lepton mass matrices.
We specify our focus on the LMA MSW solution. There are several possi-
ble solutions which have been suggested in the literature [6,10,11,12,13] and
the most of these attempts employ the non-diagonal texture of the Dirac neu-
trino mass matrix (mLR) and the charged lepton mass matrix (me). It will be
interesting to study the non-zero texture of the right-handed Majorana mass
matrix MR in a model independent way while keeping the Dirac neutrino
and charged lepton mass matrices in the diagonal form. The left-handed
Majorana neutrino mass matrix (mLL) thus obtained from the see-saw for-
mula, can explain both LMA MSW solar and atmospheric solutions. Both
hierarchical and inverted hierarchical schemes can be incorporated under a
single framework.
The paper is organised as follows. In Section 2, we present a general form
of MR and then generate the left-handed Majorana neutrino mass matrix,
keeping the Dirac neutrino and the charged lepton mass matrices in the
diagonal form. In Section 3, we present the bimaximal mixings for both
hierarchical and inverted hierarchical models. We conclude with a discussion
in Section 4.
2 Neutrino mass matrix from a non-zero tex-
ture of MR
The left-handed Majorana neutrino mass matrix is given by the see-saw for-
mula [9]
mLL = mLRM
−1
R m
T
LR (1)
where mLR is the Dirac neutrino mass matrix in the left-right (LR) conven-
tion. The lepton mixing matrix known as the MNS mixing matrix [14] is
defined as
VMNS = VeLV
†
νL (2)
where VeL and VνL are obtained from the diagonalisation of the charged
lepton and left-handed Majorana mass matrices,
mdiage = VeLmeV
†
eR
2
mdiagLL = VνLmLLV
†
νL (3)
The neutrino flavour eigenstate νf is related to the mass eigenstate νi by the
relation
νf = Vfiνi
where f = e, µ, τ and i = 1, 2, 3. The mixing matrix Vfi is now defined by the
MNS matrix (2). From the unitary conditions of the MNS matrix elements
and its parametrisation by a sequence of three rotations about the 1, 2, 3
axes, the mixing angles are usually expressed in terms of the elements of
VMNS as
sin22θ12 =
4V 2e2V
2
e1
(V 2e2 + V
2
e1)
2
,
sin22θ23 =
4V 2µ3V
2
τ3
(V 2µ3 + V
2
τ3)
2
(4)
In the basis where the charged lepton mass matrix is diagonal, the MNS mix-
ing matrix in Eq.(2) reduces to VMNS = V
†
νL, and mLL in Eq.(1) is replaced
by [15]
m
′
LL = VeLmLLV
†
eL (5)
where mLR is redefined as (VeLmLR) in the see-saw formula in Eq.(1). In
order to generate the lepton mixings from the texture of MR only, we con-
sider the diagonal form of me and mLR. This leads to m
′
LL = mLL, and
VMNS = V
†
νL. The origin of MR is quite different from those of the Dirac
mass matrices mLR in the underlying grand unified model. Since the Dirac
neutrino mass matrices are hierarchical in nature and the CKM mixing an-
gles of the quark sector are relatively small, our choices of the diagonal Dirac
neutrino mass matrix and charged lepton mass matrix are partly justified.
The large mixings for the solar and the atmospheric neutrino oscillations will
now have their origin from the texture of MR. We parametrise in a model
independant way, the most general form of MR as
MR =


M11 M12 M13
M21 M22 M23
M31 M32 M33

 =


ǫ1 σ ρ
σ ǫ2 µ
ρ µ ǫ3

 vR (6)
where vR is the vacuum expectation value (VEV) of the Higgs field which
gives mass to the right-handed Majorana neutrino mass MR. The inverse of
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MR is now given by
M−1R =


(ǫ1ǫ3 − µ
2) (µρ− ǫ3σ) (σµ− ǫ2ρ
(µρ− ǫ3σ) (ǫ1ǫ3 − ρ
2) (σρ− ǫ1µ)
(σµ− ǫ2ρ) (σρ− ǫ1µ) (ǫ1ǫ2 − σ
2)

 (DvR)−1 (7)
where
D = det|MR| = (ǫ1ǫ2ǫ3 + 2ρσµ− ǫ1µ
2 − ǫ2ρ
2 − ǫ3σ
2). (8)
For simplicity, we maintain the hierarchical structure in MR by making the
substitution ǫ2 = ǫ
2, µ = bǫ, ǫ3 = 1, ǫ1 < ǫ2 in Eqs. (6) and (7):
MR =


ǫ1 σ ρ
σ ǫ2 bǫ
ρ bǫ 1

 vR, (9)
M−1R ∼


ǫ2
ρ2
(1− b2) − 1
ρ2
(σ − ρbǫ) − 1
ρ2
(ρǫ2 − σbǫ)
− 1
ρ2
(σ − ρbǫ) −(1− ǫ1/ρ
2) σ
ρ
(1− bǫǫ1/ρσ)
− 1
ρ2
(ρǫ2 − σbǫ) σ
ρ
(1− bǫǫ1/ρσ) −
σ2
ρ2
(1− ǫ1ǫ
2/σ2)

 (10)
where the denominator (DvR) has been supressed here as we are interested
in the form of texture only. The Dirac neutrino mass matrix mLR appeared
in the see-saw formula (1), can be either the charged lepton mass matrix me
(referred to as case (i)) or the up-quark mass matrix mu (referred to as case
(ii)) depending on the particular model of the SO(10) GUT and the content
of the Higgs fields [16,17] employed.
Case (i) where mLR = me
Since the charged lepton masses have the ratio mτ : mµ : me = 1 : λ
2 : λ6
[13,18], our choice for the diagonal mLR is
mLR =


λ6 0 0
0 λ2 0
0 0 1

mτ (11)
where we take the value of the Wolfenstein parameter[19] λ ≈ 0.22. Substi-
tuting Eqs.(10) and (11) to (1), we have
mLL ∼


− ǫ
2
ρ2
(1− b2)λ8 1
ρ2
(σ − ρbǫ)λ4 1
ρ2
(ρǫ2 − σbǫ)λ2
1
ρ2
(σ − ρbǫ)λ4 (1− ǫ1
ρ2
) −σ
ρ
(1− ǫ1bǫ
ρσ
)λ−2
1
ρ2
(ρǫ2 − σbǫ)λ2 −σ
ρ
(1− ǫ1bǫ
ρσ
)λ−2 σ
2
ρ2
(1− ǫ1ǫ
2
σ2
)λ−4

m0 (12)
4
where m0 is the overall proportionality constant.
Case (ii) where mLR = mu
The up-quark masses have the mass ratio mt : mc : mu = 1 : λ
4 : λ8
[13,18] and mLR has the form
mLR =


λ8 0 0
0 λ4 0
0 0 1

mt (13)
and the corresponding left handed Majorana neutrino mass matrix can be
calculated as
mLL ∼


− ǫ
2
ρ2
(1− b2)λ8 1
ρ2
(σ − ρbǫ)λ4 1
ρ2
(ρǫ2 − σbǫ)
1
ρ2
(σ − ρbǫ)λ4 (1− ǫ1
ρ2
) −σ
ρ
(1− ǫ1bǫ
ρσ
)λ−4
1
ρ2
(ρǫ2 − σbǫ) −σ
ρ
(1− ǫ1bǫ
ρσ
)λ−4 σ
2
ρ2
(1− ǫ1ǫ
2
σ2
)λ−8

m0 (14)
In general we can have a hierarchical mLR in the diagonal form and a cor-
responding mLL can be calculated. mLL in Eqs.(12) and (14) for case (i)
and case (ii) can be reduced to a form which can generate bimaximal mix-
ings suitable for the explanation for LMA solution and atmospheric neutrino
oscillation. This can be done in both hierarchical and inverted hierarchical
schemes of neutrino mass patterns.
3 (A) Hierarchical neutrino mass model
In the hierarchical model we have the neutrino mass pattern mν3 > mnu2 >
mν1 and the splitting parameter ξ = ∆m
2
12
/∆m2
23
≃ m2ν2/m
2
ν3. We analyse
mLL for case (i) and case (ii) given in Eqs.(12) and (14) respectively for gen-
erating bimaximal mixings.
Case (i) where mLR = me:
In Eq.(12) we make suitable choices for the parameters in mLL as follows:
(a)ρ = λ5, σ = λ7, ǫ = λ3, ǫ1 = λ
11
mLL ∼


−λ4(1− b2) λ(1− bλ) λ3(1− bλ−1)
λ(1− bλ) (1− λ) −(1− bλ2)
λ3(1− bλ−1) −(1 − bλ2) (1− λ3)

m0 (15)
5
This simplifies to, for b=0,
mLL ∼


−λ4 λ λ3
λ (1− λ) −1
λ3 −1 (1− λ3)

m0 (16)
which predicts ξ = ∆m2
12
/∆m2
23
≃ 0.0134, sin22θ12 = 0.8987, sin
22θ23 =
0.9809, |Ve3| = 0.074. The corresponding texture of MR is
MR =


λ11 λ7 λ5
λ7 λ6 0
λ5 0 1

 vR (17)
(b) The choice ρ = λ4, σ = λ6, ǫ = λ3, ǫ1 = −λ
10, b = 1
λ2
gives
mLL ∼


λ2 − λ6 −λ+ λ2 −λ+ λ4
−λ+ λ2 1 + λ2 −(1 + λ)
−λ+ λ4 −(1 + λ) (1 + λ4)

m0 (18)
This predicts ξ = ∆m2
12
/∆m2
23
= 0.018, sin22θ12 = 0.8372, sin
22θ23 = 0.9994, |Ve3| =
0.014. The corresponding MR is
MR =


−λ10 λ6 λ4
λ6 λ6 λ
λ4 λ 1

 vR (19)
Case (ii) where mLR = mu
We again examine the texture ofmLL in Eq.(14) with the following choices
of parameters.
(c) The choice ρ = λ7, σ = λ11, ǫ = λ5,M1 = λ
15 leads to the texture
of mLL in Eq.(15), and for b=0, it again reproduces the same mLL given in
Eq.(16), and the corresponding MR is
MR =


λ15 λ11 λ7
λ11 λ10 0
λ7 0 1

 vR (20)
(d) The choice ρ = λ7, σ = λ11, ǫ = λ4, ǫ1 = −λ
15, b = λ gives
mLL ∼


−λ2(1− λ2) λ(1− λ) λ(1− λ)
λ(1− λ) (1− λ) −(1 + λ2)
λ(1− λ) −(1 + λ2) (1 + λ)

m0 (21)
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which yields ξ = ∆m2
12
/∆m2
23
= 0.01326, sin22θ12 = 0.8326, sin
22θ23 =
0.99, |Ve3| ≈ 0.0. The corresponding MR is
MR =


−λ15 λ11 λ7
λ11 λ8 λ3
λ7 λ3 1

 vR (22)
4 (B) Inverted hierarchical mass model
The left-handed Majorana neutrino mass matrix mLL in Eqs.(12) and (14)
for case(i) and case(ii) respectively, can also be expressed in terms of mass
matrix which predicts inverted hierarchical mass pattern mν1 ≥ mν2 ≫ mν3.
Thus it has the texture[20,21]
mLL =


δ1 a c
a δ2 δ2
c δ2 δ2

m0, (23)
where δ1, δ2 ≪ 1; a, c ≈ 1 having the eigenvalues m1, m2, m3 such that
m1 ≈ m2 ≈ m0,∆m
2
12
≈ m2
0
(δ2 + δ1), m3 ≈ m0δ2,∆m
2
23
≈ m2
0
. This gives
the splitting parameter, ξ = ∆m2
12
/∆m2
23
≈ 2(m1−m2)/m2 ≈ (δ1+ δ2), and
mixing angles are tanθ23 ≈ a/c ≈ 1, tanθ12 ≈ 1, θ13 ≃ δ2.
Case (i) where mLR = me:
We make particular choices of the parameters in Eq.(12) for obtaining the
form of the texture of mLL given in Eq.(23) for inverted hierarchical model.
(e) The choice ρ = λ9, σ = λ11, ǫ = σ/ρ, ǫ1 = −ρ
2, b = −1 gives
mLL =


0 1 1
1 λ3 0
1 0 λ3

m0, (24)
giving ξ = ∆m2
12
/∆m2
23
= 0.014, sin22θ12 = 0.9999, sin
22θ23 = 1.00, |Ve3| ≈
0.0. The corresponding MR is given by
MR =


−λ18 λ11 λ9
λ11 λ4 −λ2
λ9 −λ2 1

 vR (25)
(f) The choice ρ = λ10, σ = λ12, ǫ = σ/ρ, ǫ1 = ρ
2/λ, b = −1 leads to
7
mLL =


0 1 1
1 −(λ3 − λ4)/2 −(λ3 + λ4)/2
1 −(λ3 + λ4)/2 −(λ3 − λ4)/2

m0, (26)
giving ξ = ∆m2
12
/∆m2
23
= 0.0151, sin22θ12 = 0.9999, sin
22θ23 = 1.00, |Ve3| ≈
0.0. The corresponding MR is
MR =


λ19 λ12 λ10
λ12 λ4 −λ2
λ10 −λ2 1

 vR (27)
(g) The choice ρ = λ10, σ = λ12, ǫ = σ/ρ, ǫ1 = 0, b = −(1 + λ
7) leads to
mLL =


λ3 1 1
1 λ4/2 −λ4/2
1 −λ4/2 λ4/2

m0, (28)
giving ξ = ∆m2
12
/∆m2
23
= 0.0151, sin22θ12 = 0.9999, sin
22θ23 = 1.00, |Ve3| ≈
0.0. The corresponding MR is
MR =


0 λ12 λ10
λ12 λ4 −(λ2 + λ9)
λ10 −(λ2 + λ9) 1

 vR (29)
Case (ii) where mLR = mu
mLL in Eq.(14) is again expressed in the form given in Eq.(23) with the
following choices of the parameters.
(h) The choice ρ = λ11, σ = λ15, ǫ = σ/ρ, ǫ1 = −ρ
2, b = −1 leads to the
same mLL given in Eq.(24), and the corresponding MR is
MR =


−λ22 λ15 λ11
λ15 λ8 −λ4
λ11 −λ4 1

 vR (30)
(i) The choice ρ = λ12, σ = λ16, ǫ = σ/ρ, ǫ1 = ρ
2/λ, b = −1 leads to the
same mLL given in Eq.(26), and the corresponding MR is
MR =


λ23 λ16 λ12
λ16 λ8 −λ4
λ12 −λ4 1

 vR (31)
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(j) The choice ρ = λ12, σ = λ16, ǫ = σ/ρ, ǫ1 = 0, b = −(1 + λ
7) leads to
the same mLL given in Eq.(28), and the corresponding MR is
MR =


0 λ16 λ12
λ16 λ8 −(λ4 + λ12)
λ12 −(λ4 + λ12) 1

 vR (32)
5 Summary and discussion
The bimaximal mixings which explain both LMA MSW solution of the solar
neutrino anomaly and the atmospheric neutrino solution, have been gener-
ated through the see-saw mechanism using the non-zero texture of the right-
handed Majorana neutrino mass matrix MR and the diagonal form of the
Dirac neutrino mass matrix. The left-handed Majorana mass matrix mLL
has been derived for both hierarchical and inverted hierarchical models of
neutrino mass patterns using the proper choices of the values of the param-
eters in MR. In our analysis we have considered both possibilities where the
Dirac neutrino mass matrix mLR is either the charged-lepton or the up-quark
mass matrix. For illustration, we present a few representative examples for
each case.
In case of hierarchical model all the predictions are excellent with the
values ξ = 0.014, sin22θ12 = 0.83, sin
22θ23 = 0.99. In case of inverted hier-
archical model, the predictions are ξ = 0.015, sin22θ12 = 0.9999, sin
22θ23 =
1.000, |Ve3| = 0.0 in almost all examples. But the LMA MSW solution [5,6,7]
shows that sin2θ12 is large but not maximal, and has a upper bound 0.98.
There is indeed an inherent problem in the inverted hierarchical model [21],
and such problem can be remedied partly with the choice of the particular
form of the charged lepton mass matrix me which can lower the θ12 mixing
angle. It has also been observed that under renormalisation group analysis
in MSSM, sin22θ12 in case of inverted hierarchical model, increases with en-
ergy. All these give enough scope to accomodate the present result for the
explanation of LMA MSW solution at low energies[22]. The present work
exploits the origin of the bimaximal mixings from the non-zero texture of
MR in a model independant way, whereas in the earlier attempts [6,11-14],
the non-diagonal forms of both mLR and MR, or at least mLR, have been
employed for generating bimaximal mixings. In this paper only a few repre-
sentative examples are presented. Many more examples for other choices of
parameters are also possible for generating bimaximal mixings. The present
9
analysis may be a useful guide for building models under the framework of
grand unified theories with extended U(1) symmetry.
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